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Introduction

Example 1: Rain each day over two years by each day of
the year

Dia do ano

y

1 31 61 91 121 151 181 211 241 271 301 331 361

0

1

2

Problem: model the probability of rain each day of the year
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Introduction

Model

yi assume values 0, 1 or 2, for i = 1, ..., n
assuming conditional independence, thus

yi |pi ∼ Binomial(2, pi )

link function (logit)

pi = 1/(1 + exp (−xi ))

x: smoothing over time
Randon Walk - RW of first order: rw1
Gaussian distribuiton for the sucessive differences (R esparse)

∆i = xi − xi−1 ∼ N(0, τ−1)

log(π(x|τ)) ∝ −τ2 [(x1 − xn)2 +
n∑

i=2
(xi − xi−1)2] = −τ2x′Rx,

x is a Gaussian Markov Random Field - GMRF, Rue and Held (2005)
τ : local precision parameter
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Introduction

Model, INLA

Model

yi |xi ∼ Binomial(2, pi ) → likelihood
x|τ ∼ N(0, (τR)−) → latent field, GMRF
τ ∼ p(τ) → prior distribution

INLA: Acronym of Integraged Nested Laplace Aproximation, Rue,
Martino, and Chopin (2009)

First Laplace Approximation - LA to compute

π(τ |y)

Second (nested to the first) LA to compute

π(xi |y)

If the likelihood is Gaussian, the “approximation” is exact
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Introduction

Example of a time series with rw1

head(Tokyo, 5)

## y n time
## 1 0 2 1
## 2 0 2 2
## 3 1 2 3
## 4 1 2 4
## 5 0 2 5

model <- y ~ f(time, model='rw1', cyclic=TRUE)
result <- inla(model, family='binomial',

data=Tokyo, Ntrials=n,
control.compute=list(cpo=TRUE))
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Introduction

Result for the time series
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Introduction

Smoothing more

Gaussian distribution for the second order differences (rw2)

∆2
i = xi − 2xi−1 + xi−2 ∼ N(0, τ−1)

model2 <- y ~ f(time, model='rw2', cyclic=TRUE)
result2 <- inla(model2, family='binomial',

data=Tokyo, Ntrials=n,
control.compute=list(cpo=TRUE))
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Introduction

Both results for the time series
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Introduction

Goodness-of-fit measures

Conditional Predictive Ordinate - CPO:

P(yobs
i |y−i )

y−i is the y vector without the yi element.

c(-sum(log(result$cpo$cpo)),
-sum(log(result2$cpo$cpo)))

## [1] 312.6621 314.3368

Probability Integral Transform - PIT:

P(Yi ≤ yobs
i |y−i ).

Useful to detect lack of fit or outliers
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Possibilities

Possibilities of models

Generalized (mixed) models
Generalized additive (mixed) models
Survival models
Dynamic models
Stochastic volatitily models
Smoothing spline
Semiparametric regression
Disease mapping
Model based geostatistics∗

Log-Gaussian Cox processes
Space-time models
Semiparametric regression with spatial (space-time) varying coefficients
+++

→ GLMM, GAM, GAMM, . . . are different names for the same thing
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Possibilities

Flexibility and responsability

In the rainfall ocurrence example, suppose we add other terms
(covariate, seazonal effect)
Flexibility must come with responsability
PC-prior Penalized Complexity prior, Simpson et al. (2017)
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Implementation

Implementation

The code

gmrflib, inlaprog, fmesher
~6000 lines in Fortran
+100000 lines in C++

external libraries: muparser, taucs (sparce matrices), PARDISO
(experimental)
~60000 lines of code+help in R (R-INLA)

The work

+15 years Håvard Rue (~80% of the code)
+10 years Finn Lindgren (~20% of the code)
source code in the bitbucket (open source), web page: r-inla.org
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Implementation

Main function in R-INLA
r-

in
la

.o
rg

@
le

g.
uf

pr
.b

r

IN
LA

M
U

G inla(formula, family, control.family=list(hyper, ...), control.mix=list(hyper, ...),
control.fixed, control.predictor, control.compute, control.inla, control.hazard, ...)

y ~ fix.eff + f(i, model, control.group=list(model, ...), hyper, ...)

beta, (|g)poisson, (|circular|skew|log)normal, t,
(|beta|c)binomial, coxph, laplace, weibull(|cure),
zeroinflated(poisson|(|beta|n)binomial)[0-2], ...

iid[1-5]d, me(c|b), copy, z,(|rev)sigm,
ar(|1), rw[1-2], besag(|2|proper|proper2),
generic(|[0-3]), spde[1-3], rgeneric, ...

rw[1-2],
ar(|1),
besag,...

loggamma, wishart[1-4]d, table:,
pc.prec, pc.dof, expression:, ...

rw1, rw2

list(mean,
prec.int,
prec, ...)

list(A,
link,
...)

list(config,
mlik, waic,
dic, po, ...)

list(strategy=c("simplified.laplace", "gaussian",
"laplace"), int.strategy=c("ccd","grid","eb"), h,
dz, tolerance, optimizer, stencil, correct, ...)

list(...,
hyper,

model)

1
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Applications

Some applications cited in Rue et al. (2017)
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https://www.annualreviews.org/doi/10.1146/annurev-statistics-060116-054045


Applications

Deprivation effect, Ribeiro et al. (2018)

● ●
● ● ● ● ●

● ● ●

● ●

● ● ● ● ● ● ● ●

●

●

●
●

●
●

●
●

●
●

● ● ● ● ● ● ●
● ● ●

● ● ●
● ●

●
●

●
● ●

●
●

● ● ●
● ●

● ●

●

Italy Portugal Spain

All England France

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10

0.8

0.9

1.0

1.1

1.2

1.3

0.8

0.9

1.0

1.1

1.2

1.3

Deprivation classes

R
el

at
iv

e 
R

is
k

● Men

Women

Elias ( LEG/UFPR ) RINLA May, 22 2018 20 / 26

https://link.springer.com/article/10.1007/s00038-018-1081-y


Applications

Survival: frailty map

−0.4 −0.2 0.0 0.2 0.20 0.25 0.30 0.35 0.40
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Applications

Non-separable space-time modeling in the globe
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Applications

Leishmaniasis in Brazil, Karagiannis-Voules et al. (2013)
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http://journals.plos.org/plosntds/article?id=10.1371/journal.pntd.0002213


Applications

Malaria in Africa, Gething (2015)
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https://www.nature.com/articles/nature15535
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